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THE LAMINAR BOUNDARY LAYER I N  A RADIATING-ABSORBING 

GAS NEAR A FLAT PLATE 

V. P. Zamurayev (Novosibirsk) 

The s t eady- s t a t e  problem of t h e  laminar  flow of a r ad i -  *& 
at ing-absorbing gas  i n  t h e  boundary l a y e r  nea r  a f l a t  p l a t e  
has  been considered i n  several papers  [ l -61 .  However, due t o  
t h e  assumptions made by t h e i r  au tho r s  as r ega rds  t h e  n a t u r e  
of t h e  r a d i a t i o n ,  t h e  a p p l i c a b i l i t y  of t h e  s o l u t i o n s  obta in-  
ed t h e r e i n  is  l imi t ed .  The degree of exac tness  of t h e  
methods they  employed i n  spec i fy ing  t h e  r a d i a t i o n  i s  more- 
over  uncer ta in .  

I n  t h e  p re sen t  paper we s h a l l  be concerned wi th  t h e  
laminar  boundary l a y e r  near  a p l a t e .  
a more exac t  d e s c r i p t i o n  of r a d i a t i o n  t r a n s f e r .  Heat t r ans -  
f e r  t a k e s  p l a c e  by ord inary  h e a t  conduction and r a d i a t i o n .  
A number of s impl i fy ing  assumptions a l r eady  used i n  t h e  a fore-  
mentioned papers  are made about t h e  r a d i a t i o n .  
p l y  t h e  hypothes is  of l o c a l  thermodynamic equ i l ib r ium accord- 
i n g  t o  which t h e  r a d i a t i n g  power and c o e f f i c i e n t  of absorp t ion  
are r e l a t e d  by Ki rchhof f ' s  l a w .  
gray.  
comparison wi th  t h e  r a d i a t i o n  f l u x  a c r o s s  t h e  p l a t e .  Such an 
assumption i s  v a l i d  provided the temperature  v a r i a t i o n  along 
t h e  p l a t e  over t h e  l eng th  of t h e  r a d i a t i o n  pa th  is  s m a l l .  
The e f f e c t  of bu t  s l i g h t  temperature v a r i a t i o n  along t h e  p l a t e  
i s  t o  render  t h e  r a d i a t i o n  f l u x  ac ross  t h e  p l a t e  de te rminable  
by t h e  temperature  p r o f i l e  i n  t h e  given s e c t i o n .  The w a l l  
i s  assumed t o  be  a b s o l u t e l y  b lack .  
of t h e  medium may be temperature  dependent. 

W e  i n t end  t o  use  

Thus, w e  ap- 

The medium i s  assumed t o  be 
The r a d i a t i o n  f l u x  along t h e  p l a t e  i s  neg lec t ed  i n  

The phys ica l  p r o p e r t i e s  

The asymptot ic  behavior of hea t  t r a n s f e r  f a r  away from 
t h e  t i p  of t h e  p l a t e  i s  considered.  A d i f f e r e n c e  method of 
s o l v i n g  a system of p a r t i a l  d i f f e r e n t i a l  equat ions  wi th  a com- 
p l e x  i n t e g r o d i f f e r e n t i a l  energy equat ion  i s  used t o  s o l v e  t h e  
problem over  t h e  e n t i r e  l eng th  of t h e  p l a t e .  
f e a t u r e s ,  t h i s  method i s  similar t o  t h e  d i f f e r e n c e  method used 

In i t s  b a s i c  

t o  s o l v e  boundary 
[7-93. The paper  

l a y e r  equat ions wi thout  regard  f o r  r a d i a t i o n  
concludes wi th  a d i scuss ion  of t h e  r e s u l t s  

. 
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of computing one of t h e  cases considered i n  [l]. The 
c h a r a c t e r  of h e a t  t r a n s f e r  and t h e  p o s s i b i l i t y  of spec i fy-  
i n g  r a d i a t i o n  i n  t h e  r a d i a n t  hea t  conduction approximation 
are inves t iga t ed .  

1. We cons ider  t h e  s t eady- s t a t e  laminar boundary l a y e r  nea r  a f l a t  p l a t e .  

I n  t h e  v a r i a b l e s  x ( t h e  l o n g i t u d i n a l  coord ina te)  and y ( t h e  t r a n s v e r s e  
coord ina te)  t h e  problem posed i s  descr ibed  by t h e  system of equat ions  

where u and v are t h e  components of t he  v e l o c i t y  a long and a c r o s s  t h e  p l a t e ,  T 
the temperature ,  p t h e  dens i ty ,  p t h e  c o e f f i c i e n t  of v i s c o s i t y ,  c t h e  s p e c i f i c  

h e a t  capac i ty  at cons t an t  p re s su re ,  and q t o t a l  h e a t  f l u x  along y ,  equal  t o  t h e  
sum of f l u x e s  due t o  o rd ina ry  h e a t  conduction \ and t o  r a d i a t i o n  q 

P 

r '  

The h e a t  f l u x  gm i s  de f ined  i n  t'he usua l  way, 

qm=-A+hdTlhdy 

where X is  t h e  thermal  conduc t iv i ty  c o e f f i c i e n t .  

The h e a t  f l u x  due t o  r a d i a t i o n  q can be  found by us ing  i t s  express ion  /74 r 
obta ined  by i n t e g r a t i n g  over  t h e  spectrum and s o l i d  ang le  t h e  i n t e n s i t y  of rad i -  
a t i o n  i n  the form of t h e  formal  s o l u t i o n  of t h e  t r a n s f e r  equat ion  m u l t i p l i e d  by 
t h e  c o s i n e  of t h e  ang le  between t h e  d i r e c t i o n  of r a d i a t i o n  and t h e  y-axis,  w i th  
due allowance f o r  t h e  assumption of grayness of t h e  medium and no regard  f o r  
t h e  temperature  v a r i a t i o n  a long  x over several r a d i a t i o n  p a t h  l eng ths ,  

Here u i s  t h e  Stefan-Boltzmann cons tan t ,  E ( T )  t h e  i n t e g r a l  exponent ia l  

f u n c t i o n ,  and T t h e  o p t i c a l  th ickness  of t h e  gas l a y e r  given by t h e  equat ion  
( I i s  the r a d i a t i o n  p a t h  length)  

n 
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The s u b s c r i p t  0 denotes  t h e  values  of t h e  parameters  a t  t h e  w a l l .  The 
q u a n t i t i e s  p ,  p, c A ,  1 are gene ra l ly  func t ions  of temperature.  

P' 
I n s t e a d  of the equa t ion  of d i s c o n t i n u i t y  w e  can cons ider  t h e  two equiva- 

lent  equat ions  (J, is  t h e  stream funct ion)  

The s o l u t i o n  of system (1.1)-(1.5) w i l l  be s o u g h t i n t h e  r eg ion  x > 0, y 
1 0  under t h e  boundary cond i t ions  

u = v = O ,  T = T o f o r y = O ;  u = uW, T = Too f o r  y = ~ ( 1 . 7 )  

2 .  The problem j u s t  formulated i s  solved numerical ly .  The t i p  x = y = 0 
i s  a s p e c i a l  p o i n t  ( i n  t h e  neighborhood of t h i s  p o i n t  t h e  f r i c t i o n  stress and 
h e a t  f l u x  due t o  ord inary  h e a t  conduction behave as 1/&-), s o  t h a t  i n  o rde r  t o  
d e r i v e  a s i n g l e  a lgor i thm f o r  numerical  computation v a l i d  i n  t h e  e n t i r e  reg ion  

- we in t roduce  t h e  new independent v a r i a b l e s  

and r e p l a c e  t h e  stream func t ion  $ (x, y)  by t h e  new func t ion  f ( t , n ) ,  

A s  a r e s u l t ,  a l l  of t h e  d e r i v a t i v e s  appearing i n  t h e  conserva t ion  equat ions  
become f i n i t e ,  and t h e  func t ions  f ,  u, and T which w e  are seeking i n  t h e  new 
v a r i a b l e s ,  vary  weakly a long  t h e  p l a t e  so  t h a t  computation can be  e f f e c t e d  w i t h  
a l a r g e r  i n t e r v a l  a long  6 without  l o s s  of accuracy. 

The boundary cond i t ions  f o r  y = - m u s t  be considered a t  some f i n i t e  d i s -  
t a n c e  from t h e  p l a t e  where t h e  func t ions  u and T begin t o  d i f f e r  from t h e i r  
l i m i t i n g  va lues  um and Tm by an amount n o t  exceeding t h e  d i f f e r e n c e  scheme 

e r r o r .  I n  t h e  new v a r i a b l e s  t h e  th ickness  of t h e  boundary l a y e r  v a r i e s  weakly 
and the s o l u t i o n  may be  sought i n  the  s tandard  reg ion  5 L 0, 0 5 rl I na. 

L e t  u s  in t roduce  t h e  dimensionless  q u a n t i t i e s  

. 
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where the physical parameters accompanied by the subscript 1 signify their 
values at the temperature T1. System (1.1)-(1.6) with boundary conditions (1.7) 

- I 7 5  in terms of dimensionless quantities may be written as 

The boundary conditions are 

f = U' = 0, T' = 00  for n = 0, U' = 1, T' = em for n = nm (2.9) 

where P1 is the Prandtl number, 

The expression for @ was obtained allowing for the fact that T' = for 
i 

n 2 n-. The heat fluxes can be found from the formulas 

1 .  

(2.11) 

- 2  \ T"E, ( t  - 7) dt (2.12) 
7 

3 .  From equation (2.8) we see that with small values of 5 the boundary 
layer is optically transparent and that the smaller the value of E the longer 
it remains transparent. The term related to radiation in energy equation (2.6) 
is the product of 5 
comparison with the 

by the bounded function @ ; with small 5 it is small in 
other terms of the equation. Hence, the effect of radiation 



... I 
i s  s m a l l .  A s  5 -t 0 i t  d isappears  e n t i r e l y .  The temperature  p r o f i l e  tends t o  
a s e l f - s i m i l a r  p r o f i l e  i n  t h e  absence of r a d i a t i o n .  However, t h e  s i n g u l a r i t y  
a t  5 = 0 never  vanishes  e n t i r e l y .  Being bounded, t h e  f u n c t i o n  @ has unbounded 

d e r i v a t i v e s  w i t h  r e spec t  t o  5 .  
I n  5 .  This  i s d u e  t o  t h e  f a c t  t h a t  the  o p t i c a l  t h i ckness  of t h e  boundary l a y e r  
i n c r e a s e s  as 4 5 ( f o r  s m a l l  6 ) .  

The f i r s t  of i t s  d e r i v a t i v e s  behaves as E-'* 

As a r e s u l t ,  t h e  func t ion  @ varies ve ry  abrupt-  
l Y  * 

4. I n t e g r a t i n g  by p a r t s  i n  t h e  r i g h t  s i d e  of equat ion  (1.4) and applying 
(1.5), w e  o b t a i n  an express ion  f o r  q i n  dimensionless  form, r 

If t h e  q u a n t i t y  4z -t 0,  then  the  in tegrands  i n  (4.1) tend t o  zero  - /76 
- 

everywhere as (a I a - t 
neighborhood of t h e  p o i n t  t = a tending t o  zero ,  where they  are f i n i t e .  A s  a 

r e s u l t ,  t h e  Forresponding terms are of t h e  o rde r  ( E < ) ' ~ .  Therefore ,  w i t h  J c  

exp ( - J c S  1 ci - t I )  wi th  except ion  of t h e  

- 

>> a-' t h e  express ion  

may b e  used t o  approximate q ' i n s t ead  of ( 2 . 1 2 ) .  r 

Thus, w i th  l a r g e  va lues  € 6  t h e  r a d i a t i o n  f l u x  o u t s i d e  t h e  w a l l  i s  obtained 
t o  w i t h i n  t h e  approximation of r a d i a n t  h e a t  conduction. 

The s i t u a t i o n  n e a r  t h e  w a l l  i n  a l a y e r  of t h i ckness  measuring s e v e r a l  
r a d i a t i o n  pa th  l eng ths  i s  somewhat d i f f g e n t  ( t h e  th i ckness  of such a l a y e r  i n  
the v a r i a b l e s  77, 5 t ends  t o  zero  as l / J c ( ) .  S i n s  L is t h e  c h a r a c t e r i s t i c  
dimension of t h e  problem as 1/L -t 0 (so t h a t  ~ ~ J E S  + 0 ) ,  w e  o b t a i n  t h e  follow- 
i n g  expres s ion  f o r  t h e  r a d i a t i o n  f l u x  i n  t h i s  l a y e r :  

E (T)], which varies 3 
This  expres s ion  d i f f e r s  from (4 .2 )  by t h e  f a c t o r  [l - 2 

. 



from 0.5 a t  t h e  w a l l  t o  1 i n  t h e  gas  stream ( f o r  T = 4 i t s  d e v i a t i o n  from u n i t y  
i s  less than  0.4%). The r a t i o  of hea t  f l u x e s  is  t h e r e f o r e  g iven  by t h e  expres- 
s i o n  

Thus, w i th  s m a l l  1 / L  nea r  a w a l l  i n  a gas  l a y e r  of a th i ckness  measuring 
several r a d i a t i o n  pa th  l eng ths  t h e r e  occurs a r e d i s t r i b u t i o n  of t h e  h e a t  t r ans -  
f e r r e d  by r a d i a t i o n  and ord inary  h e a t  conduction i n  t h e  d i r e c t i o n  of i nc reas ing  
molecular hea tb f lux ,  and a corresponding r educ t ion  of t h e  r a d i a t i o n  f l u x  ( t h e  
t o t a l  h e a t  f l u x  remains almost cons t an t ) .  This  t akes  p l a c e  as a r e s u l t  of a 
more abrupt  temperature  drop toward the  w a l l .  The relative th i ckness  of t h i s  
l a y e r  is  s m a l l ,  however, s o  t h a t  t h e  c o r r e c t  t o t a l  h e a t  f l u x  can be  obta ined  
by cons ider ing  r a d i a t i o n  i n  t h e  r a d i a n t  h e a t  conduction approximation. The 
r a d i a t i o n  component of t h e  h e a t  f l u x  w i l l  be  exaggerated a t  l eas t  two-fold as 
t h e  parameter 1 / L  goes from zero t o  i n f i n i t y .  I n  [ l ]  t h i s  drawback of t h e  r ad i -  
a n t  h e a t  conduction approximation i s  a t  least  p a r t l y  removed by in t roduc ing  a 
t h i n  l a y e r  next  t o  t h e  w a l l  where t h e  c o e f f i c i e n t  i n  t h e  express ion  f o r  t h e  ra- 
d i a t i o n  hea t  f l u x  is  one ha l f  of t h a t  i n  t h e  remaining region.  

5 .  System (2 .4) - (2 .8)  w i t h  boundary cond i t ions  ( 2 . 9 )  w i l l  b e  so lved  by 
t h e  method of f i n i t e  d i f f e r e n c e s .  

The flow reg ion  5 2 0 ,  0 5 rl 5 rlm = coast is  broken down i n t o  cha rac t e r -  

i s t i c  s t r i p s  of width h. We cons ider  t h e  a r i t h m e t i c  means of t h e  r equ i r ed  
f u n c t i o n  f ( f  = f ,  u t ,  T I )  on t h e  l e f t  (i - 1) - th  and right: i - t h  boundaries  

of t h e  strip 
P P  

where t h e  s u b s c r i p t  i meqns t h a t  t h e  func t ion  i s  taken  f o r  an  5 equal  t o  5 
i h  (i = 0,  1, 2 ,  ....). 

= 
i 

These mean va lues  d i f f e r  from the  exact va lues  on t h e  mid-line of t h e  s t r i p  

by an  amount on t h e  o rde r  of h2 

System ( 2 . 4 ) - ( 2 . 6 )  wi th  boundary cond i t ions  ( 2 . 9 )  i s  w r i t t e n  ou t  on t h e  
mid-l ine gf t h e c h a r a c t e r i s t i c s t r i p ;  t h e  exact va lues  are rep laced  by t h e  mean 
v a l u e s  f , and t h e  d e r i v a t i v e s  wi th  r e s p e c t  t o  5 by t h e  d i f f e r e n c e  analog 

P 

In o rde r  t o  avoid  i t e r a t i o n ,  which i n c r e a s e s  computer time cons iderably  i f  
r a d i a t i o n  is p resen t ,  and a l s o  t o  prevent  an  i n c r e a s e  i n  t h e  system approximation 

6 
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.. 

e r r o r ,  t h e  q u a n t i t y  Q desc r ib ing  t h e  r a d i a t i o n ,  as w e l l  as t h e  q u a n t i t i e s  p ' v ' ,  
p ' X ' ,  c ' and t h e  v e l o c i t y  u '  i n  ( 2 . 4 )  -- each of t h e s e  q u a n t i t i e s  i s  rep laced  

P 

by a l i n e a r  combination of i t s  va lues  on t h e  boundaries  of t h e  preceding 

s t r i p ,  s o  t h a t  t h e  system approximation e r r o r  remains on t h e  o rde r  of h2,  

- I 7 7  

where h l  i s  t h e  preceding interval ,  and h2 is  t h e  new i n t e r v a l .  
\ 

As a r e s u l t ,  the system of l i n e a r  p a r t i a l  d i f f e r e n t i a l  equat ions  ( 2 . 4 ) -  
(2.6) is reduced t o  a system of l i n e a r  ord inary  d i f f e r e n t i a l  equat ions  

.. 

The boundary cond i t ions  are 

This  system is  so lved  i n  t h e  fol lowing sequence of s t e p s .  F i r s t ,  t h e  
f u n c t i o n  f o ( q )  
f o r  uo(n) .  

i s  found from equat ion ( 5 . 4 ) .  Next, equat ion  (5.5) i s  so lved  
F i n a l l y ,  t h e  func t ion  To(rl) i s  found from equat ion  ( 5 . 6 ) .  

Once system (5 .4 ) - (5 .6 )  has been so lved ,  t h e  a l g e b r a i c  r e l a t i o n s  f = 
P i  

0 2f - f implied by ( 5 . 1 )  are used t o  f i n d  t h e  va lues  of t h e  r equ i r ed  func- P p , i-1 

t i o n s  f ,  u '  , and T'  f o r  5 = Si = i h  t o  w i t h i n  an  e r r o r  on the  o rde r  of h2. 

To s o l v e  t h e  l i n e a r  system of ord inary  d i f f e r e n t i a l  .equations ( 5 . 4 ) - ( 5 . 6 )  
t h e  f low reg ion  i n  t h e  p lane  <,TI i s  broken down i n t o  n h o r i z o n t a l  s t r i p s  of 
wid th  A = n,/n, and each equat ion  of ( 5 . 4 ) - ( 5 . 6 )  i s  approximated by a d i f f e r e n c e  

e q u a t i o n  of second-order exactness. The va lues  of t h e  f u n c t i o n  f (rl) f o r  II = j A  
are t h e n  found from t h e  formula 

0 

7 



Ins t ead  of equat ions  (5.5) and (5.6) w e  make use  of t h e  corresponding 
d i f f e r e n c e  equat ions  

Each of t h e  above is  a second-order equat ion  wi th  known va lues  of t h e  func- 
They are solved by t h e  sweep method. t i o n s  sought a t  bo th  ends of t h e  i n t e r v a l .  

where 

The q u a n t i t y  ( p ' l ' @ )  i s  computed from t h e  formula 
i j  

. n  

/78 

The o p t i c a l  t h i ckness  T i s  computed froin t h e  d i f f e r e n c e  analog of equa- 
t i o n  ( 2 . 8 ) ,  i j  

In  o rde r  t o  begin  computation it i s  necessary  t o  know t h e  v e l o c i t y  and 
I n  tempera ture  p r o f i l e s  i n  t h e  i n i t i a l  (C = 0) and f i r s t  ( 6  = h)  s e c t i o n s .  

t h e s e  s e c t i o n s  t h e  s o l u t i o n  i s  sought by t h e  success ive  approximation method. 

6. The r e s u l t s  of c a l c u l a t i o n s  are given f o r  t h e  case = 1, 00 = 0.1, 

E = 0.2, P1 = 1, €1 = 0. The phys ica l  p r o p e r t i e s  i n  t h i s  case were set  cons tan t  

8 



I * .  

-- t h e  q u a n t i t i e s  p ' p ' ,  p ' X ' ,  c ' ,  p'i'  were equated t o  un i ty .  
? 

d i t i o n s  correspond e x a c t l y  t o  one of the  v a r i a n t s  considered i n  [l]. 

A l l  of t h e s e  con- 

Figure 1. 

The problem w a s  computed wi th  an i n t e r v a l  v a r i a b l e  a long 5 .  The accuracy 
w a s  checked by repea ted  computation wi th  o t h e r  i n t e r v a l s  both along 5 and along 
n. The i n i t i a l  computation w a s  c a r r i e d  ou t  f o r  t h e  fol lowing va lues  of t h e  in -  
terval along S t  

h = 0.002 f o r  0 2 5 L 0.008 

h = 0.004 f o r  0.008 f 5 2 0.02 

h = 0.008 f o r  0.02 5 5 5 0.06 

h = 0.02 f o r  0.06 I 5 I 0.3 

h = 0 .1  f o r  0.3 _< 5 5.1 

The i n t e r v a l  a long  T-I i n  t h i s  case  w a s  0 .4 ,  and t h e  va lue  of rl on t h e  o u t e r  
boundary w a s  16. Computation on a computer r equ i r ed  5 minutes.  

Repeated computation w a s  c a r r i e d  ou t  up t o  5 = 3.1 f o r  i n t e r v a l s  h a l f  as 
g r e a t  bo th  along 5 and along TI. The v a l u e  of 'I, up t o  5 = 0.5 w a s  set  equa l  

t o  13 and then  inc reased  t o  16. 

The maximum d i f f e r e n c e  between t h e  f i r s t  and second computed va lues  of t he  
tempera ture  w a s  0.3%; t h e  corresponding d i f f e r e n c e  i n  t h e  va lues  of hea t  f l u x e s  
to the w a l l  w a s  0.7% ( f o r  5 = 3.1) .  The d i f f e r e n c e  i n  the va lues  of Q w a s  as 
h i g h  as several pe rcen t .  



Figure 2. 

The r e s u l t s  of computation are p l o t t e d  i n  t h e  f i g u r e s .  The broken curves  
are taken from [l] . 

Figure  1 shows t h e  temperature  p r o f i l e s  w i th  r e s p e c t  t o  t h e  v a r i a b l e  rl f o r  
v a r i o u s  va lues  of 5 .  With inc reas ing  5 t h e  temperature  p r o f i l e  is  deformed 
from a s e l f - s i m i l a r  p r o f i l e  without  r a d i a t i o n  i n t o  one which corresponds t o  t h e  
cons ide ra t ion  of t h e  r a d i a t i o n  i n  t h e  approximation of non l inea r  ( r a d i a n t )  h e a t  
conduction. This  deformation proceeds i n  such a way t h a t  t h e  ho t  gas cools  i n  
t h e  presence of r a d i a t i o n  whi le  t h e  g a s  near  t h e  w a l l  h e a t s  up. On t h e  p h y s i c a l  
level  t h i s  means t h a t  t h e  ho t  gas  cools  more r a p i d l y  and t h e  gas  near  t h e  w a l l  
coo l s  more slowly ( i n  comparison wi th  t h e  case where r a d i a t i o n  i s  no t  consider-  
ed) .  
of molecular  h e a t  conduction, bu t  by r ad ia t io r .  as w e l l ,  and t h a t  t he  co ld  gas  /79 

on TI of t h e  q u a n t i t y  Q propor t iona l  t o  - 2q IGn i s  shown f o r  va r ious  va lues  of E, ) .  

The reason f o r  t h i s  i s  t h a t  t he  ho t  gas su r rende r s  h e a t  n o t  only by way 

- n e a r  t h e  w a l l  absorbs more than  i t  r a d i a t e s  ( see  Fig.  2 where t h e  dependence 

r 

Figure  3 shows t h e  th i ckness  of t h e  boilndary l a y e r  T - I ~  computed from a va lue  
of t h e  temperature  which d i f f e r s  from t h e  l i m i t i n g  va lue  by 1%. With s m a l l  5 
one observes  a very  abrupt  th ickening  of t h e  boundary l a y e r .  
t h i ckness  of t h e  boundary l a y e r  wi th  respect t o  t h e  v a r i a b l e  rl remains almost 
c o n s t a n t  and c l o s e  t o  i t s  l i m i t i n g  va lue  ( f o r  5 -+ a). 

Therea f t e r  t h e  

I 

Figure  3 .  Figure  4 .  

Under t h e  s p e c i f i e d  condi t ions  t h e  deformation of t h e  temperature  p r o f i l e  
w i t h  s m a l l  va lues  of 5 proceeds ab rup t ly  due t o  t h e  r a p i d  inc rease  i n  t h e  o p t i -  
cal t h i c k n e s s  of t h e  boundary l a y e r  (Fig.  3 ) ,  t e rmina t ing  sooner i n  t h e  i n t e r i o r  

10 
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of t h e  flow. 
conduction f o r  t h e  r a d i a t i o n  f i r s t  becomes acceptab le  i n  t h e  h o t t e s t  po r t ion  of 
t h e  boundary l a y e r .  
s m a l l  c ircles i d e n t i f y  t h e  r a d i a t i o n  heat  f l u x e s  computed i n  t h e  non l inea r  h e a t  
conduction approximation on the  b a s i s  of t h e  non-se l f s imi la r  temperature  pro- 
f i l e  f o r  < = 3.1. 

This  l a t te r  f a c t  means t h a t  t h e  approximation of non l inea r  h e a t  

The same conclusion may be drawn from Fig.  4 ,  where t h e  

? I n +  i I I I 1 

Q 

2 

1 

\ 

0 1 2 3 4 .': P 

Figure  5. F igure  6 .  

The reg ion  where t h e  temperature  p r o f i l e  i s  n e a r l y  l i n e a r  c o n t r a c t s  wi th  
This  may be seen immediately from inc reas ing  5 i n  t h e  presence of r a d i a t i o n .  

- Fig.  1 as w e l l  as by cons ider ing  Figs .  4 and 5 which show t h e  f l u x e s  of h e a t  . 

0 Q = q/oTm4 due t o  r a d i a t i o n  q*, ordinary  h e a t  conduction q , and t h e  t o t a l  q 

as a func t ion  of q f o r  < equal  t o  0.02 and 3.1.  The molecular  h e a t  f l u x  near  
t h e  w a l l  d iminishes  more slowly f o r  s m a l l  va lues  of 5 and more r a p i d l y  f o r  
l a r g e  va lues  of 5 .  
p o r t i o n a l  t o  t h e  s l o p e  of t h e  temperature p r o f i l e ,  t he  p r o f i l e  cu rva tu re  in-  
creases wi th  inc reas ing  5. 

Since t h e  h e a t  f l u x  due t o  ord inary  h e a t  conduction i s  pro- 

The r a d i a t i o n  f l u x  varies weakly wi th  r e s p e c t  t o  boundary l a y e r  th ickness  
f o r  s m a l l  v a l u e s ' o f  < (Fig.  5 ) ,  s i n c e  t h e  boundary l a y e r  i s  s t i l l  o p t i c a l l y  
t r a n s p a r e n t  (Fig.  3 ) .  But w i th  5 = 0.02 t h e r e  i s  a l r eady  a c lear ly  d i s t ingu i sh -  
a b l e  r a d i a t i o n  f l u x  m a x i m u m  due t o  the  f a c t  t h a t - h e a t  i s  o r i g i n a l l y  t r a n s f e r r e d  
by r a d i a t i o n ,  and t h a t  i t  i s  only near t h e  w a l l  t h a t  r e d i s t r i b u t i o n  occurs  wi th  
h e a t  be ing  t r a n s f e r r e d  by molecular h e a t  conduction whi le  t h e  t o t a l  hea t  f l u x  
remains almost cons t an t .  This  e f f e c t  i s  more marked wi th  l a r g e  5 .  This  i s  
clear from Fig.  6 ,  where w e  see t h e  propor t ion  of t h e  r a d i a t i o n  f l u x  as a func- 
t i o n  of f o r  va r ious  <. Within a r e l a t i v e l y  broad reg ion  of t h e  boundary /80 
l a y e r  t h e  p ropor t ion  of t h e  r a d i a t i o n  f l u x  inc reases  wi th  5,  r i s i n g  a t  an  es- 
p e c i a l l y  h igh  rate f o r  smaller va lues  of 5. This  growth i n  the  r a d i a t i o n  con- 
t r i b u t i o n  t o  h e a t  t r a n s f e r  i s  due t o  t h e  f a c t  t h a t  t h e  temperature  p r o f i l e  i n  
t h i s  r eg ion  becomes s t eepe r .  The s i t u a t i o n  i s  reversed  nea r  t h e  w a l l :  t h e  
s t e e p n e s s  of t h e  p r o f i l e  i n c r e a s e s  and t h e  p ropor t ion  of r a d i a t e d  h e a t  drops.  
(For s m a l l  < t h e  re la t ive con t r ibu t ion  of t h e  r a d i a t i o n  f l u x  i n c r e a s e s  nea r  t h e  
w a l l  as w e l l  due t o  t h e  r a p i d  dec l ine  of t h e  molecular f l u x ) .  

11 



.I 3 

L 

Figure 7 .  

.Figure 7 shows t h e  h e a t  f l u x  t o  the  w a l l  due t o  r a d i a t i o n ,  t h e  h e a t  f l u x  
due t o  ord inary  h e a t  conduction, as w e l l  as t h e  t o t a l  f l u x .  It a l s o  shows t h e  
t o t c l  hea t  f l u x e s  wi th  cons ide ra t ion  of r a d i a t i o n  i n  t h e  non l inea r  hea t  conduc- 
t i o n  approximation (from [l]). The d i f f e r e n c e  under t h e  cond i t ions  i n  ques t ion  
i s  somewhat i n  excess of 10%. The d i f f e r e n c e  i n  t h e  r a d i a t i o n  component of t h e  
h e a t  f l u x  i s  g r e a t e r  ( f o r  5 = 3 . 1 ,  they d i f f e r  by a f a c t o r  of 40 under t h e  
s p e c i f i e d  cond i t ions ) .  

I n  conclusion t h e  au tho r  should l i k e  t o  thank A.T. Onufriyev f o r  h i s  u s e f u l  
d i scuss ion  of t h e  material h e r e  presented.  

- Received February 1 7 ,  1964 
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